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On Generalized Solutions of Some Differential Equations with
Singular Coefficients

A. B. Antonevich, E. V. Kuzmina

Abstract: The article deals with the problem of existence of generalized solutions to simplest
linear differential equation with a singular coefficient g. The generalized solution was intro-
duced by choice one of the distribution Q corresponding ¢, and choice an approximation of Q
by a family of common functions. The generalized solution is defined as the limit of the solu-
tions of the approximating equations. It was demonstrated by model example that the existence
of such generalized solutions depends essentially on the method of approximation.
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1 Introduction

The problems considered in the paper appear at the analysis of the solutions of differential
equations with a singular coefficients. We will consider the equations of the form

u'(x) — g(x)u(x) =0, (1.1)

where function g has singularity at the point 0.

We remind that the distribution (generalized function) is a linear continuous functional
on the Schwartz space Z(R) [1,2]. Any locally integrable function u generates the distri-
bution

<U,p>= /u(x)q)(x)dx, ¢ c 7(R).

The classical solution u of (1.1) can be not integrable and a set of distribution U corresponds

to such function in the sense described in the section 2. But after the substitution of U in

the equation the product qU appears which is not determined in the distributions theory.
More general, the substitution of a distribution U in any equation of the form

W —Qu=0, (1.2)
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where Q is a distribution, leads to the product QU, which is not determined in the distribu-
tions theory.

Therefore, the first problem is to give sense to notion of generalized solution of (1.1)
and (1.2), the second problem is to construct such solutions.

If g is a continuous or locally integrable function, (1.1) is the most simple differential
equation and its solutions can be constructed by separation of variables. After the division
on u and integration we have equality

Inu(x)] = /x:q(t)dt—i—C

and the solution of the Cauchy problem u (xy) = C can be given by expression

X

u(x) = Cexpl [ qlr)dr] = Cexplg (x) g (x0)] (13)
0
where g(x) is a antiderivative of g.

But for equation (1.2) this approach can not be applied, because all used transformations
(multiplication, division, integration by segment, calculations of logarithm and exponent)
are not determined for distributions. In particular, for the distribution Q there exists an-
tiderivative G, but its exponent exp G is not determined and final expression (1.3) give not
a distribution.

Therefore, in order to construct generalized solutions of equations with generalized
coefficients we need use other approach.

Analysis of equations with generalized coefficients is connected with calculations of a
product of distribution by the following sense.

Let a family we(x) converges to the distribution W as € — 0 and a family v, (x) con-
verges to the distribution V. If there exists limit F of the products f; = weve, then F is
called the product of W and V under given methods of approximations. In general case the
question about the existence of the product is a hard problem and it is solved only for some
special W and V and special approximations.

As the main examples we consider equations

u' (x)+ iu(x) =0,s e N. (1.4)
and :
u' (x)+ ;u(x) =0. (1.5)

In contrast to case of continuous g, the set of classical solutions of such equations depends
on two arbitrary constant. For equation (1.4) these solutions are functions

S ox<o;
u(x) = {g ’ ’ (1.6)
=, x>0,

where C; and C, are arbitrary constants.
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For equation (1.5) the classical solutions are

1 .
u(x) = {Clexpx, x <0;

1.7
Cgexp)lf(, x>0. (1.7)

By the Cauchy condition u(—1) = B only the constant C; is determined and the solution is
determined uniquely only for x < 0.

In order to give a definition of the generalized solutions we use the following way. We
will consider equation (1.1) under condition that there exist a set of distributions, which
coincides with ¢ on the set R\ 0. This condition is fulfilled for (1.4) and (1.5).

The first step consists of a choice of distribution Q corresponding to the coefficient g
and passing to the equation with generalized coefficient (1.2).

The second step consists of a choice of some approximation for the distribution Q by
a family of locally integrable (may be smooth) functions g¢. After this we have a family of
approximating equations

ulg—qgu‘9 =0. (1.8)
Let u, are the solution of the Cauchy problem u,(xy) = C for (1.8).

Definition 1. If there exists a limit U of the family u. in the distributions space, then the
distribution U is called generalized solution of the Cauchy problem for (1.2) under the
given approximation of the coefficient Q.

One meets differential equations with generalized coefficients in many applications and
vast literature is devoted to their analysis (see, for example, [3,4]), but the questions under
consideration not discussed in previous publications.

Since the distribution Q coincides with g on the set R\ 0, the antiderivative G of Q
coincides on R\ 0 with an antiderivative of ¢ and is an ordinary function g(x). Therefore,
on set R\ 0 a classical solution of (1.2) singled out

u(x) = Cexplg(x) — g(xo)], (1.9)

which is said to be the formal solution of the Cauchy problem.

Here we can see that the choice of a distribution Q corresponding to coefficient ¢ get us
one classical solution determined on all line R.

It is natural presuppose that the generalized solution U coincides on R\ O with the
formal solution u. But it can be that such distributions not exist and we obtain necessary
condition: must be that the distributions, corresponding to the formal solution, exist.

For formal solutions of the form (1.7) such distributions not exist and for equation (1.5)
the generalized solutions not exist.

At the case of equation (1.4) to any formal solution u of the form (1.6) corresponds a set
of distributions U named regularizations of u (see Section 2) and the problem of generalized
solutions is rich in content.

The main problem is fo clarify for which distributions Q and their approximations g
the generalized solution of (1.2) exists.

The global answer it is not known even for the model equations (1.4) with g(x) = .
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2 Regularization of the function with singularity

Let the function f be continuous at x # 0, the estimation

lf(x)] < constL

el

holds in a neighborhood of zero with some s € N, and x*~! f(x) is not integrable. Then
integral

[ rwewdx. o € 2 (). @.1)

exists only if

peLi={pc2(R):9(0)=¢'(0)=..= 9" " (0) =0},

and (2.1) defines a linear continuous functional F; on subspace L. We call a distribution
F corresponding to f, if F is a continuation of F; on all space Z(R). Such continuation is
said to be regularization of divergent integral (2.1).

The following way of regularization can be used [1,2]. Let n(x) be such bounded
function that n(x) = 1, if |x| < h, and 1 (x) = 0, if |x| > 2Ah. Then formula

<Fro>= [ 10100 - [X 5o 0 nwar

give us some continuation of Fs. In particular, if

nw= ¢ M=t (22)
0, [x>1,
this continuation is
s—1 1
<Fy,¢ >= / FWle) =Y oW Ot]dx+ [ f@){e(x)dx. (2.3)
|X|<1 k=0 "" |x|>1

The set of all regularizations can be described by following proposition. Remind that
Dirac §-function is functional (3, ¢) = ¢ (0) and its derivatives determined as

(8Y9.9) = (=19 (0).

Proposition 1. Let N € Z(R). The distributions corresponding to given function f have

form
s—1

F=Fy+Y MW,
k=0

where My, are arbitrary constants.
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Proof. Let us consider s—dimentional subspace

s—1
D, = {[k;Ckx"] nx)} c 2(R)

The mapping 1
P19 L 110 00
is a projection of Z(R) on Dy and gives the decomposition
2(R) =Ds P L.

The functional F; is determined on L, and in order to construct its continuation F we need
define F on D;. Since functions e;(x) = x*1(x),k = 0,...,s — 1, form a basis in Dy, it is
sufficient assign the values < F,e; >, k=0,...,5s — 1. Therefore

s—1

<F,0 >:kga < Foe > oW (0)+ < By, 0 >=

s—1
=<Fy+ Y MW 9>,
0

where M, = (_k]!)k < F,er > . ]

Example 1 Let f(x) = % Regularization (2.3) of %, denoted by P(i), is
1 1 1
<P(0>= [ oW —pO)dr+ [ p(x)dx. 2.4
X Jlxl<1 X [x|>1 X
This distribution can be given by principal part of integral

1 1
P(- =li - dx.
<P e>=lim | o

The distributions corresponding to i are

Oy =P (i) + M8,

where M are arbitrary constants.

Antiderivative for Qy is locally integrable function Gy (x) = In|x| + M®(x), where
© is Heaviside function. The formal solutions of equation «’ + sQyu = 0 with condition
u(—1)==Cis

ﬁ, x <0;
up(x) = Gpsm 20 (2.5
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3 Convergence of approximations
Let function f¢(x) be locally integrable and the family f¢(x) tends uniformly to a function
f(x) onset {x:|x| > h} forall A > 0. Not arise from this that the family f¢(x) converges to

any distribution.

Proposition 2. Let the estimation

where v <s+1,

holds in the neighborhood of 0.
The family f. converges in distributions space if and only if there exist limits

1 (—1)/
lim (=1)

eno ) ! fe(dx:=Kj, j=0,1,...,5— 1. G.1)

Under these conditions the regularization Fy of f(x) given by (2.3) is determined and

s—1
lim fe .= F = Fy +jZ()Kj5<f) .

Proof. Use decomposition
o) =[) ffp(’) (0)x/]n(x) + y(x),

where 7 is given (2.2). Here y/)(0) =0 for j =0,1,...,5— 1 and |y(x)| < const|x|*, the
estimation

holds, the Lebesque theorem can be applied and

/ﬁ@w@ﬁ%/}@w@w:<%w>.

Therefore fe converges if and only if there exist limits of integrals

/ﬁ@fﬂ@ﬂ.

It is equivalent to existence of limits in (3.1). L]
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4 Analytical representation

The existence and the form of generalized solution depend on the used approximation of
the generalized coefficient Q. One of the most natural approximation method is named
analytical representation [5].

Let Q" (z) be an analytical function on upper half-plane and Q~(z) be an analytical
function on lower half-plane. Is sed to be that these functions give analytical representation
of distribution Q, if

0= lim [0 (x-+ie) Q" (x~ie)].

Here the family of smooth functions g¢(x) = Q" (x+ig) — O (x — i€) is an approximation

of 0.

It is well known that the analytical representation of P (;1() is

TR BT
2'x+ie  x—ie' xX2+¢€?

and the analytical representation of §-function is the family

i 1 1 1 ¢
— = — . 4.1
21 [x—He x—ie} mx?+€? 1)

Therefore analytical representation of the distribution sQy; = s [P (%) +M 5] can be written
in the form

As (1—=2)s
— + ;
X+1€E xX—1€

qe(x) = (4.2)

where A = 5 + 5.
Such analytical representation of s [P (%) +M 5] was used in [6, 7] for the construction
of generalized solutions of (1. 4)

9

In particular, the family - converges to distribution
1 1
=P +ind.
x=+ 1() (x > :
Since |
1 _ (_I)Aci [ 1 ](s—l)

(x£ie)s (s—1)! x+ie

the family ez is the analytical representation of distribution

! S S A
(x£i0¢  (s—1)! P (x> +ind)¢.

xils

Theorem 1. [7] Let ug be the solutions of the Cauchy problem ug (—1) = (—1)* for equa-
tions (1.8), where —q¢ is approximation of the distribution sQy = s[ ()1;) + 5] given by
4.2).
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The family ue converges in the distributions space only in two following cases:
D) ifAs € Z and As <0, then

1
e a0y

) if As € Z and As > s, then

1
- —.
(x+1i0)*
Let us note that the condition on A in the Theorem 1 is equivalent to

2
m="" ),
1 h)

where m € Z and m <0 orm > s.

S Main Theorem

By the Theorem 1, under the analytical representations the generalized solutions of equation
' +sQyu=0

1

X
among corresponding to %, but the equation with such coefficient have not generalized
solutions under the analytical representations.

The question arises: Can it be a generalized solution of the equation

exist only for special values of M. In particular, the distribution P(-) is the most natural

1
W +P(=)u=0 5.1
x

under some kind of approximation of P(%)?
The answer is the main result of this paper.
The formal solution of (5.1) with the condition u(—1) = 1 is function u(x) = ‘71‘ The

corresponding distributions are U = Uy + K8, where

1 1
<Upp>= [ lo@—oOet [ o=
. 1 1
= lim [/|x|<£ Mq>(x)azx—21ng<p(0)]. (5.2)

Remark that here the principal part of the integral in (5.2) not exists, the integrals

1
—@(x)dx
/e<x !x!‘p( )
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grow as 21n é(p(O) and the regularization (5.2) is obtained by the subtract of these values.
We need to construct such approximation g, of P(%) that the solutions of (1.8) make up
an approximation of a distribution of the form Uy + K 6.
According (5.2) the family

1 .
ve(x) = { " e (5.3)

—1ni, [l<e

is an approximation of the distribution (5.2).

But the functions v (x) are discontinuous and can not be the solutions of a differential
equations.

An approximations of the distribution (5.2) by continuous functions f¢(x) can be con-
structed. But, if the function f; (x) are real-valued, there exist points xo such that f¢(xp) =0
and these functions can not be the solutions of a differential equations.

Therefore we must construct the required approximation of P(%) by using complex-
valued functions.

Theorem 2. For any K € R there exists approximation q¢(x) of the distribution P(%) such
that the corresponding solutions ue converge to the distribution Uy + K§.

Proof. The representation of P(%) in the form (2.4) means that family
1
1 x> e
pe (x) — X | |
0, |xl<e

is an approximation of P(1). Antiderivatives of pe (x) are continuous functions

In|x|, |x|>¢€;
8e(x) = {

ln%, x| < e.

and the solutions of the Cauchy problem ug(—1) = 1 are

1
T x| > E;
M{;‘(x):{lx’ ‘ ‘

rE |x| < E. .

1 1
d :/ 4 +f/ d
/ue(x) * n>e |X] e \x\<s¢(x) *

grow as 21n 1¢(0) and the limit not exist.
Consider some other approximations of P(%) Let

Here integrals

qe(x) =< L[ +in], —e<x<0; (5.4)
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where C(¢€) is an indetermined function. If C(€) — 0, expression (5.4) give some approxi-
mation of P(-). The antiderivatives are functions

1
vel) = ge)+ [ im (),

where
x+1, —1<x<0,
vx)=¢1-x, 0<x<lI,
0, x| > 1,

The corresponding solutions are

1 )
Wg(x) = eVs(x) o {]}C’ C(s) . i |x| > 8’
lexp[=Z +im|y(%), |x|<e.

€

and we must investigate convergence of we(x) in dependence on C(g).
By Proposition 2 it is necessary to proof that function

J(e) = [ 11 e (x)dx

has limit as € — 0.
This function can be calculated in explicit form:

0 x
J(e) = 2lné+§ _8exp[cf)+m][€+1]dx:
1 .
= 2ln8+2[cf)+m] 1{exp[c(:)+m]—1}:

= 21n:;—|—2[cf)+i7t]_]{—exp[cég>] —1}.

Real part is
eli(e) =2 nt ~2[ SO (G2 4 ) ([ 41y
If C(€) = €, then
Re(l(€)) =2 ln% —2[147%] He+1}

and
He(J(€)) — +ooas € > 0.

If C(¢) = agln é, where a > 0, then

1 1 1 -1 (1
=21In-— dlaln=-1*+ 72 —
He(J(€)) 21n8 2a1n8{[a ng} + 7%} (8“ +1)
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He(J(€)) - —oas € 0.

Therefore, for a given K € R and small € exists C(€) such that

1
e<C(e) < aelnE

and Ze(J(€)) = K. Note that

£

@ —0 (5.5)

for such C(¢&) and from (5.5) follows that the imaginary part

Im(J(g)) = 2%[(6?)2 + 7'[2] l{exp[c(:)} + 1}

converges to 0. The Proposition 2 can be applied and we(x) — U = Uy + K8, where Uy is
given by (5.2) and U are the required generalized solutions. O

6 Conclusion

The results of the paper demonstrate that the properties of the equations with generalized
coefficients are very differ from the case of ordinary differential equations, even for the
most simple first order equations.
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